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^ ' Abstract 

oo 

_i. \ The holographic principle in the pp-wave limit proposed in our previous works is fur- 

^ ' ther confirmed by studying impurity non-preserving processes which contain a fermionic 

^""^ ' BMN operator with one scalar and one fermion impurities. We show that the previ- 
ously proposed duality relation between the matrix elements of the three point interac- 

D \ tion Hamiltonian in the holographic string field theory and the OPE coefficients in super 



Yang-Mills theory holds to the leading order in the large /x limit. Operator mixing is 
required to obtain the BMN operator of definite conformal dimension which corresponds 
j^ . to the string state with one scalar and one fermion excitations. The mixing term plays a 

crucial role for our duality relation to be valid. Our results, combined with those in the 
previous papers, provide a positive support that our duality relation holds for the general 
process regardless of the kind of impurities and of whether impurities conserve or not. 
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1. Introduction 

Holography is the key concept to the duahty between string theory and gauge theory in 
the AdS/CFT correspondence. The holographic relation proposed by GKP/W ^ relates 
the degrees of freedom in the string theory defined in the bulk AdS space and those in 
the gauge theory defined on the conformal boundary of the AdS spacetime. Based on this 
proposal, a large amount of work has been done giving many positive supports for this 
relation |2]. In particular, the non-renormalization property of chiral primary operators 
has been confirmed ^. However in the BMN limit of the AdS/CFT correspondence j3], 
how this holographic relation is realized has not been clear because of the lack of the clear 
space-time picture. 

In the previous papers El 13 El , we gave an answer to this problem. We showed that 
the PP-wave background emerges as the geometry around a tunneling null geodesic, which 
starts from a point on the AdS boundary and returns to another point on the boundary. 
This trajectory can be obtained as a dominant path in the large angular momentum limit 
for the path integral which is expected to give the two point function of gauge theory 
operators in the GKP/W prescription^. The string/gauge duality in the PP-wave limit 
can be understood as the correspondence between the oscillation modes of strings around 
this trajectory and gauge theory operators sitting around its endpoints on the boundary. 
This picture allows a natural correspondence between an S-matrix calculation on the 
string theory side and an operator product expansion on the gauge theory side. As for 
three point functions, with the assumption that the free string basis corresponds to the 
BMN operators of definite conformal dimension, we proposed a duality relation between 
the matrix elements of the string interaction Hamiltonian and the OPE coefficients. 

Our proposal in |^ has an advantage over the previous two types of duality relations, 
presented in |im ITT] and |12], in that it is applicable to impurity non-preserving cases. 
Indeed, we checked that our duality relation holds for impurity non-preserving processes 
which consist of BMN operators with only bosonic impurities in the previous paper jH] , 
as well as for the impurity preserving processes [7]. To establish the duality relation 
for impurity non-preserving processes is important for studying the unsolved problem of 
string/gauge correspondence at higher genus level, since impurity non-preserving processes 

'''See also 0111 for more general discussions. 



are known to appear as intermediate states of a string loop amplitude [13 CH US] • 

The aim of this paper is to show that our proposal also holds for the impurity non- 
preserving cases involving fermionic impurities. Checking our duality relation for such 
processes is important because our proposal was originally obtained as an extension of 
the duality relation for chiral primary operators to the general string excitations. It is 
not trivial this relation is satisfied for the non-BPS sector in general. Since we have 
already checked our proposal for impurity preserving sector with several different kinds 
of impurities, including bosons and fermions, and for impurity non-preserving sector with 
only bosonic impurities, what remains to be studied is impurity non-preserving processes 
which contain fermionic impurities. Though it is desirable to study the general processes, 
we restrict ourself in this paper to simple impurity non- conserving processes, where the 
fermionic BMN operators involved contain only one scalar and one fermionic impurities. 
Even for these simple examples, our duality relation holds in a very non-trivial way. 

When studying the duality relation, it is important how to relate the basis between 
the two theories. In our prescription, the correspondent on the gauge theory side to the 
free string basis is a set of BMN operators of definite conformal dimension. As in the case 
of the singlet sector of several two impurity states fHl ^1 ^1 d|; the operator mixing 
is required for the fermionic BMN operator we are now considering so that it obtains a 
definite conformal dimension. We will see that this operator mixing plays a crucial role 
for our duality relation to hold. In addition, the phase factor of the BMN operator must 
be properly chosen up to 0{1/J) in order to give the correct world sheet momentum 
dependence. 

The result of this paper, in addition to those in the previous papers, strengthens the 
expectation that our duality relation is valid for general processes regardless of the kind 
of impurities and of whether impurities conserve or not. We believe that the successful 
clarification of the duality relation at the first order of the string interaction lays the 
foundation for the study of the duality relation at higher genus level. 

The paper is organized as follows. In section 2 we briefly review our proposal for 
the duality relation. In section 3 we calculate two examples of the string amplitude 
for fermionic impurity non-preserving processes. In section 4 we first identify the gauge 
theory operator which corresponds to the string states with one scalar and one fermion 
excitations. We show by explicit perturbation calculations that for the corresponding 



BMN operator to obtain a definite conformal dimension, in addition to the operator with 
one fermion and one scalar impurities, another operator with the same classical dimension 
and R-charge is required. With this operator, we compute three point functions which 
correspond to the string amplitudes calculated in the previous section. We will see that 
our duality relation holds to the leading order of the effective gauge coupling and the 
operator required for the diagonalization plays a crucial role. We conclude in section 5. 
Appendix |X1 is devoted to the details of the perturbative calculations required for the two 
point function of the BMN operators with one scalar and one fermion impurities. We list 
the explicit forms of the prefactors in Appendix ^ and the asymptotic behavior of the 
Neumann coefficients in the large /i limit in Appendix O 

2. Review of the holographic duahty relation 

Our duality relation at the first order of the string interaction relates the basic ingredients 
which characterize the three point interaction on each theory side, the matrix element of 
the 3-point interaction Hamiltonian -^123 on string theory side and the OPE coefficient 
C123 on gauge theory side. Identifying the free string basis with the set of BMN operators 
of definite conformal dimension, we propose that the duality relation is given by 

where A^ and Jr are the conformal dimension and the U(l) R-charge, respectively, of 
the gauge theory operator Or {r = 1, 2, 3) which corresponds to the string state \r, Jr) 
satisfying the relation H2 /jJ' = A^ — Jr- Here, H2 and /i are the light-cone free Hamilto- 
nian and the mass parameter of the string theory, respectively, and J denotes the angular 
momentum around the large circle of S^ on the string theory side. The effective gauge the- 
ory coupling is related as A' = g\^N/ J"^ = \/{np^a'Y in the PP-wave limit of AdS/CFT 
correspondence. The definition of / in ()2.H) is given by some combination of Neumann 
coefficients (see the reference j^). In what follows, we need only its asymptotic behavior 
in the large /x limit which is given by 

/M ^ ^^ (2.2) 

Ji 47ryu|a(i)| 

where «(,.) denotes af^r) = c^'pt and we take «(!)(= «(2) — ^(a)) < 0,a(2),a(3) > 0. The 
relation ()2.H) is expected to hold to all order of A' = l/(/ia;(i))^, but we restrict ourself to 



checking the relation to the leading order in the large /z limit in this article. 
The OPE coefficient C123 is defined as, for scalar operators, 

(O,(a:0O.(x.)O3(x3)) = |,^,|A,.a.-A3|,^3|a?;13-a.|.3,|A3+a.-a. ^ (2-3) 

under the normalization of (O1O2) = <5i2/|2;i2p^- It is known that for the impurity 
preserving sector, we should take into account the operator mixing of single and double 
trace operators [201 E]- However, for the impurity non-preserving process, the effect of 
such mixing is suppressed by 1/A^, so we need not consider this type of operator mixing as 
long as we are interested in the planar limit. The operator mixing we should consider later 
to obtain the BMN operator of definite conformal dimension is the one among single-trace 
operators with the same conformal dimension and R-charge. 

The if 123 is the matrix element of the 3-string interaction Hamiltonian defined as 



^123 = (i)(l| (2)(2| isM^^^^lHs),, (2.4) 



under the canonical normalization of the string field theory action such as 
^2= [ dr 



l{mm-lidrmm + {m2 



(2.5) 



53 = i /rfr(i)(^| (2)(V^| (3)(V^lA^I^3). + /^.c., (2.6) 



-. 00 

^2'^ = I 1 E ^i''H«i^^^«M + /5(^)t^i'^)), ^ith o;« = Jn2 + (/i«M)2. (2.7) 

' ^ ' ' n=— 00 

We proposed that the specific form of the string interaction Hamiltonian \H^)h is the 
equal weight sum of the two interaction vertexes presented so far, 

1 1 

\H3)h = -\H3)sv + ■^\H3)d, (2.8) 

where \H3)sv is constructed in j22l 12^1 and further developed in j21l 123 123 I2Z| as a 
generalization of the well-known interaction Hamiltonian in the fiat space to the PP-wave 
background, while iHs)^ is proposed in ^2] and its prefactor takes the form of energy 
difference. These two vertexes both satisfy the SUSY algebra, as well as, the continuity 
condition and momentum conservation. The interaction Hamiltonian of the latter type 
is not adopted in the flat space case because it does not affect S-matrix calculations 
due to the energy conservation, but in our formalism where world-sheet time is naturally 



Wick-rotated, it can give indispensable contribution. The combination ()2.8|1 is required so 
that the bosonic zero-mode sector should properly reduce to the form which is obtained 
by taking the BMN limit of the effective action for the fluctuation fields around AdS 
background which corresponds to the chiral primary operators "'". Though in [221 it is 
claimed that the 1-^3)0 part has to be modified in order to respect the U(1)y symmetry 
in the supergravity sector, the modification gives no effect for the process we are now 
considering, as for all the cases we have confirmed so far. We will discuss the processes 
in the non-BPS sector for which such modification cannot be ignored in the future study 

m- 

For the impurity preserving processes, where A2 + A3 — Ai = + 0{X'), the duality 
relation ()2.H) reduces to a simple form /i(A2 + A3 — Ai)Ci23 = H123, the one first conjec- 
tured in [3T] from a different viewpoint. We checked that this relation holds to the leading 
order in the large fi limit for several non-trivial processes including bosonic and fermionic 
impurities in the previous paper j7j. For the impurity non-preserving cases, the factor / in 
the duality relation plays a crucial role: due to the /i dependence of Neumann coefficients, 
the asymptotic behaviour of if 123 in the large fi limit is suppressed by A' = l/(/ip'*"a')^ as 
the difference in the number of the impurities between in- and out-states increases, while 
the factors {fJ2J3/ JiY^^~^^~^^^^'^ give a compensating contribution. Indeed, in |8j, we 
showed that the contributions from each factor on the right hand side of (j^.lj) nicely com- 
bined to give the OPE coefficients C123 which has an appropriate /z dependence. In what 
follows, we confirm that this is also the case for the impurity non-preserving processes 
which contain fermionic BMN operators. 

3. String theory calculation 

We consider fermionic impurity non-preserving processes on the string theory side. In 
this paper we restrict ourself to simple but nontrivial processes which consist only of one 
boson and one fermion impurities such as 



vac — >• a^ 



(2)^/5(2) ,^(3)i^(3) /oi> 



(l)in,«^' _n,(2)^M2) I ^(3)i/Q(3) 



"ni "— ni n2 



Maia2,-n2 + '^na Hfi^p^-nz- l'^'^) 



"i-In the scalar impurity sector this vertex reduces to the phenomenological interaction vertex proposed 
in [2H|, which is successfully related with the genuine OPE coefficient through the relation /i(A2 + A3 — 
Ai)Ci23 = -ffi23 in the impurity preserving process. 
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Even for these simple processes, we will see that the characteristic property that the 
interaction vertex is given by the equal weight sum of \H3)sv and IH^)^,, and the non- 
trivial /i dependence on the right hand side of ()2.1|) play important roles for our duality 
relation to hold. In (j3.1|) and (j3.2j) . a 



(r)i. 



1, 2, 3, 4) and (3aia2,n denote the n-th bosonic 



excitation mode in a scalar direction and the n-th fermionic excitation mode, respectively, 
in the exponential basis of r-th string which are defined in terms of sin/cos oscillators, 

a^n/cin ( or b^n/bn for a fermion), such as 

1 r^ „-^ ^ ^, _ 1 



(^0 = bo, (3n 



-j^{bn-ib-n), P-n = ^{bn + ib-n] 



(3.3) 
(3.4) 



The S0(8) spinor indexes is decomposed as SO(8) = (SU(2)xSU(2))x(SU(2)xSU(2)), and 
the subscripts of I3a^a2,n denotes (2, 1) x (2, 1) sector of the decomposition 8s = (2, 1) x 
(2, 1) © (1, 2) X (1, 2), while we denote the (1, 2) x (1, 2) sector as I3a^a2,n- 



.(2)^/q(2) 



,(3)J^(3) 



The matrix element of the interaction vertex for the process p.ip is given by 






(3.5) 



where l-f^s)/! is the equal weight sum of the \H3)sv and 1-^3)0 such as in ()2.8|) . 

Let us first calculate the contribution from \H^)£) of the interaction Hamiltonian \H^)h- 
Noting that the prefactor is given by 2 J2r=i ^n /ot{r) ~ 4/i due to the form of the pref- 
actor, |-ff3)_D = (-^2 + H2 — H2 )\E), we can easily see that the contribution from the 
vertex | if 3)0 is given by 



Here we used the the form of the overlap vertex state such as 



E) = 


Ea)- 


Eb), 


E,) = 


= exp 


3 00 

^>: 

r,s=l m,n=l 



(3.6) 



(3.7) 



r)^mn\r^m h'n,a\a2 '^ rm H—n,aia2 

r-^~m i-'n,aia2 r'—m r^—n,a\c 



\El), 



\Ea) = exp 



r,s=l m,n=— 00 



(r)t /yrs (s)t 
m mn n 



\v). 



(3.8) 
(3.9) 



where \E^) is the overlap vertex including the fermionic zero- mode sector whose detailed 
form does not concern the present calculation, and the definition of Q^„ is 



Q:.^n = eK))./f^(<C7V^iV-C7-V^C7(Y;) , (3.10) 

\/ \C((r) \ ^ ^ ' / mn 



with U(r) = C"^(C(r) - /itt(r)), and Cmn = mSmn, C(r)mn = uJm{r)Smn- The details are 
referred to the reference j^H]- In the large fj, limit, the form of Q^^n ^^^ Q^n ^^^ given in 
terms of Neumann coefficients such as 

q23 1^ ^23 q32 ^ ^^^ f 3 1 ^ 

^mn I \mni ^nm /i \| \ nm' \'~' ) 

With this relation and the asymptotic behaviour in the large /z limit of the bosonic 
Neumann coefficient iV^^^ = N^, which is listed in Appendix [0 the contribution from 
the interaction vertex \H^)j:, is given by 

Here we have used the notation y = — Q;(2)/a(i), {1 — y = —a(3) /«(!)). 

As for the interaction Hamiltonian \H3)sv, there are two types of contraction, 

[aa]{pp) or [aa][pp], (3.12) 

where [XY] and {XY) denote the contractions of X and Y through the prefactor and 
overlap, respectively. For example, [aa](/5/?) means {v\aaPsv\v) ■ {v\PP\Eb). There are 
no combination from (/?/5)(aa), [/?/?](««), etc. because of the form of the prefactor Psv 
presented in Appendix iBl 

Using the property that, for purely bosonic external states, the interaction vertex 
\H3)sv can be rewritten as 

\H3)sv = \H3)d — Xji\E), 

3 oo (r) 

^nl^) = - E E ^ (^-" - ^--) («^^'«i^^' + «^t^«^^^) 1^) (3.13) 

r,s=l m,n=l ^ ' 

3 oo / (r) (s)\ 



r,s=l m,ra=l 



a(r-) Ol(s) 



where Xu is a bosonic constituent of the prefactor whose exphcit form is given in Ap- 
pendix El "we can see that the contribution from [aa] {f3f3) is given by the product of two 
contributions, 

^(2) «(3) 



= -2A^iV^t^5^^ (3.14) 

(^\f^Pl(32-nPaia2-m\E) = ea^p^e^^Pi ^ ( ~2 j ^^""^ ~ '^""'' ' (3.15) 

Then, the net result of [aa](/?/5) is half of the contribution from \H^)£), 

[aa]{(3(3) = tfi {QH, - Q^\) N^n^^,f,,ec.,fs,6'^ 

= -M 2 21 iFTi 7eai/3iea2/32'^'^- (3-16) 

\y l-yj 87rV|a(i)l Z/(l - V) 

As for the [(3f3] [aa] contribution, the only relevant term in the prefactor Psv is 

For the definition of Xi, Xu, and Y^j, being bosonic and fermionic constituents of the 
prefactor Psv, see Appendix |B| Noticing that y^^ = Y°'^^,^Y^'^'^^a''^^f^^ is defined in terms 
of cos mode basis such as y"i"2 _ ^^^^ Gn 6„ and that the relation between sin/cos 

and exponential basis is given by ()H.4j) . the contribution of [(3f3] contraction is 

P2i^''Up,Gg^G^^\ (3.18) 



2 



-e. 



02 



Here, (cr^^)aif3i is defined as {<J^^)aii3i = e/3i7il/2(crV-' — o"-'cr*)J^\ Similarly, the bosonic 
contraction [aa] is given by 

3 00 
(.|a(^)^af ^XrX?|.) = (.|a(^)^af ^- ■ -^ ^ E ^^F^'U^^o^'^'o^^'l-) 

r,s=l m=0,n=l 

= lFJ^^Fi'\U^^-U^'^)6^^^'6^'K (3.19) 

Combining the two contributions, ()3.18|1 and ()3.19p . and using the asymptotic form for F 
and G listed in Appendix El the contribution from [aa] [PP] is evaluated as 

(Tn Ti \ 1 
-; gQ2fe(Q"''^)ai/3 n^ 9 01 i^-r. r- (3.20) 
y l-yj "^'' ''^n67rVI"(i)Pl/(l-y) 



Combining all the contributions, (jSHS)), (jSHEI), and ()H.2()j) . we obtain the matrix ele- 
ment of the interaction vertex \H-^)h for the process ()3.5p in the large fi limit, 

(m n \ 1 /3 1 \ 

In order to obtain the OPE coefficient according to the duality relation ()2.H) . the G 

factor 

A2+A3-A1 



^_ 1 f/'^^'^^^ ^ ^ / A^^fA^^^-Ai ^ ^^ v/JT:^ 



/x(A2 + A3 - Ai) V Ji ; V 2 ; iv 



■^1 \ Tn/o\ ^/ JlJ2J: 



r(3)- 



'3 



4/x \47r/i|a(i)|/ A^ 

= 87rV|a(i)|V-'/'iV-Vl/(l-l/), (3.22) 

must be multiplied with ()3.2ip . Therefore, the CFT coefficient C123 which should be 
obtained from the corresponding three point correlation function on the gauge theory 
side is expected to be 

C.2. = -'-(^- ^ ^XM^!^!£^e.,,, f ^e„,,, + i (a-) , ) . (3.23) 

2\y l-yj y/y{l-y) ''"'' \2 "'^' 2^ ' ^^^^ ) ^ ' 

We should note that the interaction vertexes \H-i)sv and \H:i)o are both necessary to 
obtain this results and that the G factor properly adjust the /^-dependence to give 
0{gYM) = 0{l/fi) result. 

Next, we proceed to calculate the matrix element of the string interaction vertex for the 
process ()3.2p . which is given by 

We restrict ourself to the case i ^ j for simplicity. 

In almost the same way as the previous case, the contribution from the \H^)£, is given 

by 
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2/^x1 ^jiQnm Qmn)\ ^n^-nljK ^n2nj^aif3i^a2l32^ 






^47r2;.|a(i)|2y(l - y) ^^^^^-^^^^ \y 1 - y J (^^^ _ r^\ f^^ ^ n^\ 

where we used the asymptotic form of the Neumann coefficients in the large /i hmit 
presented in Appendix O 

On the other hand, because of the form of the prefactor Psvj ^ot the case i ^ j, the 
possible contribution from \H3)sv is that only one pair of a is contracted through the 
prefactor and others are through the overlap vertex: 

L"n3 "-mj l,"n2 "m )\Ppil32-nzPaia2-n2) "^ i."n3 "-nj ["nz ""i \\Pliil32-nzPaia2-n2)- 

(3.26) 

In particular, when i ^ j., the contraction through the prefactor ()3.17|1 is not possible 
because of the anti-symmetric property of i and j in Y^ and the fact that only a pair of 
oscillators with the same scalar index can be contracted through the overlap vertex. This 
type of contraction is possible when we consider, for example, the case where the excitation 
of the incoming string is given by anxa_n^\v) [k ^ j) and will play an important role for 
our duality relation to hold. 

The amplitude of the first term in ()3.26|) is the product of three amplitude such as 

{v\a^S'^^'liPsv\v) ■ {v\a^:Ml'\E) " WZ.-n/aL-n2\E). (3.27) 

At the first factor, the prefactor Psv can be replaced with Y2r ^r — -^n in the the same 
way as in the previous subsection. But in contrast to the situation there, it gives the 
order 0(l//i) contribution as in the impurity preserving processes: 

/ (3) {1)\ 

{v\a^:^^a^l[J2Er\E) =l^ + ^\ iv3i_^ = o(i/^). (3.28) 

Since the contribution from Xu is of the same order and the orders of the remaining 
contributions are 

(^l«i?«i?i^) = 0{1), {v\f3f^,,^_^/S,,_jE) = 0(l/^2), (3.29) 

the net result of (j3.27p gives a sub-leading contribution and negligible compared to the 
result ()3.25|) in the large fi limit. The same is true for the second case of ()3.26|) . 
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Therefore only the interaction vertex \H^)d gives the leading contribution such as 

(^l/?|k,-n34f/5i?..,-n.«i?««^«L'i^|ff3)/. (3.30) 



87r2;.|a(i)P^(l - y) ^^'^ -'^^ \y 1 " W (^ - f ) (n, + ^' 
Taking into account the G factor for this process, 

<'-{-i^y^^^'^Tr'^MJV'V^i^)N-\ (3.31, 

the OPE coefficient predicted from the string theory side is 



-y 



4. Gauge theory calculation 



Now that we have calculated two examples of the three point amplitude for the impu- 
rity non-preserving process which contain fermionic impurity operators, ()3.ip and ()3.2|) . 
rewritten as 

WfL-n^n'>'PSa2,-rnC^'^^'\H3)h, (4.1) 

(^l/5^1,-n3«if/5il2,-n.4?«S^««^|i73)., (4.2) 

let us proceed to calculate the corresponding gauge theory three point correlators and 
derive the OPE coefficients. 

For this purpose, it is important to identify properly the operator which corresponds to 
the string state C('^n(^aia2-n\^) with the angular momentum J around S^. According to the 
prescription of inserting an impurity into the vacuum state Tr(Z"^) with an appropriate 
phase factor, the operator with the proper U(l) R-charge and the conformal dimension 
satisfying the relation H/fi = A — J might be given by 

J . 

E^^p(7T^(^ + l))Tr(</>^^'V^'"^ (4-3) 

/=o 

where the subscript r of A^a is the spinor index of the (2, l)+i/2 sector in the decomposition 
of SU(4) R-symmetry vector index A of Weyl fermion A^ in the d = 4, J\f = 4 SYM theory, 
such as 

4=(2,l)+i/2©(l,2)_i/2. (4.4) 
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Here the subscript ±1/2 denotes the charge of U(l)j R-symmetry subgroup we have 
picked up ^. However, as we will show in what follows, in order to obtain the operator 
of definite conformal dimension, we must consider a linear combination of ()4.3|) and the 
operator 

{r'tMOfc^Z'^^), (4.5) 

which is the unique possibility of the operator with the same classical dimension and 
U(l) R-charge as the operator ()4.3p . Here O^a is the (l,2)_i/2 sector in the decom- 
position of ()4.4|) and (r*)j; is the Clebsch-Gordan coefficient for a S0(4) vector under 
SO(4)=SU(2)xSU(2) decomposition. 

The operator ()4.5|) is expected to be obtained when the SUSY transformation and the 
rotation in the iZ-plane of R-symmetry act on one and the same constituent Z of the 
vacuum state Tr(Z"'+^), while (j4.3|) is obtained when these two generators act on different 
Z's with an appropriate phase dependence JH21ES1E1]- Though the order of the number 
of the latter case is 0{J) while the former is of (9(1), we cannot omit this term when we 
identify the BMN operator which corresponds to the free string basis as in the case of 
the singlet sector of the operator with two bosonic or fermionic impurities studied so far 

nnmnmaiiHi. 

In what follows, we first determine the weight of the linear combination of (j4.3p and 
()4.5|) so that the two point function of the BMN operator takes the canonical form. Next, 
with the proper linear combination thus determined, we calculate the gauge theory three 
point functions which correspond to (|4.1|) and (j4.2j) . respectively. We will see that the 
OPE coefficients which can be read from the three point functions exactly agree with 
(jT^ and (Hna . 

4.1 Diagonalization and the necessity of the operator mixing 

The operator on the gauge theory side which corresponds to a free string state should have 
a definite conformal dimension and the form of the two point function of these operators 
takes the canonical form determined by the conformal symmetry. The desired form of the 



^The correspondence of the spinor indexes between string and gauge theory side is (ai, 0:2) ^^ (r, a). 
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two point function in the present case is 

{Oii^{x)OflM) (4.6) 

In order to obtain an operator of definite conformal dimension, we consider the hnear 

combination such as 

J 
O^t^ = ^g,Tr(0^Z'A,„Z-^-') + 6(rO;Tr(ft,,Z^+i), (4.7) 

1=0 

and chose the parameter b so that the two point function, 



l,l'=0 

J 

+ b{{TrrTT{eraZ'+') ^ nTr(Z^-'A,^Z'0^)) (4.8) 



1=0 



+ HY,qiMz'-%aZ'<p')ir^)iTTiz'+%^)) 



1=0 

+ \b\'{iT%TT{eraZ'+')iT^y:TriZ-'^%a)), 

takes the canonical form of (|4.6p . Here we have defined the phase factor qi and ri such as 

% = exp (^-^— ^(/ + 1) j , r,^exp(^-^— ^(/ + l)j. (4.9) 

The complex conjugate with lower indexes is defined as O].^ = trsO^l = ^rs{Ol^)*. Note 
that r and f are defined as 

{t%s ^ {ta\ -1), (tT = Hcr\ -1), (4.10) 

where cr*'s are Pauli matrices, and the complex conjugate of the matrix r is {{T^)rs)* = 
(f*)*^. We will call the contributions in the first, second, third and fourth line in (|4.8|) as 

(++), ( — h), (H — ), and ( ) sector, respectively. 

In order to determine b, it is enough to focus on the log divergent part in ()4.6p . Let us 
first compute the log divergences which appear in the (++) sector. The divergence comes 
form self-energy, 4Z-interaction, 2AZ-interaction, 20Z-interaction, and 20A-interaction, 
which will be explained bellow. The calculation is partially same as in the reference 
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where the anomalous dimension of the operator with two scalar impurities is calculated, 
but here the calculation becomes a little bit complicated because we must consider addi- 
tional interactions which involve fermions. We calculate here 4Z-interaction, etc. which 
have already been calculated in J2S1 for self-containedness. The details of the calculations 
are referred to Appendix ^ 

The two point functions of Z"'s and A^^^'s at the one-loop level are given by 

2\J^) ^^"^ {x-yf ' 



(A™(x)A^ (2/)) = - ( ^ ) N5^,ers{an..d^^ ( ^^ ) H^ ' V?^'- (4-12) 



{Z\x)Z\y)) = -o ( ^J N6a, \^ :;, , (4.11) 

Hereafter, we focus only on the log divergent part and omit the other terms. The net log 
divergence from the self-energy in the planer limit is obtained by replacing one of the free 
bosonic or fermionic propagator with (|4.11|) or (j4.12p . respectively, for each possible free 
contraction. Then we obtain 

CsE = J]9zn( - - X (J+ 1) + (-1) X l)(5,,e,,E, (4.13) 

1=0 

where, g, r, and S are defined as 

s - %? (f Si)"" (73i;jwtK)-«^" ((^) H. - vH^ (4.14) 

The contribution from the 4Z-interaction is obtained by replacing the two adjacent 
free propagators of Z and Z with the 4-point correlator calculated at one-loop order such 
as 



9YM\\f f .f f Mx-y? A^ 

A 2 I \Jpa1b1Jpa2b2 "T J pa\b2 J pa2bi ) / _ V 



(Z-(a:)^-(x)Z^Hy)^'^(y)) = ( T^ {fpa.bJr,a2b2 + fpa.b2fpa2bj 7 ^{, . (4.15) 



Apart from the phase factor, the log divergence from one possible contraction through 
the 4Z-interaction is given by 

9YM\\r r , r n An{x - yf A^ 



\ A 9 I \Jpa1b1Jpa2b2 ~r Jpaib2Jpa2bi 



A 2 \Jpa1b1Jpa2b2 I Jpaib2Jpa2ui/ ( _ \ 

1 

2 



Sijers^, (4.16) 
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where we have used the formula 

/pa.feU6.Tr(T»^r^^T''^T''^) = AT i^-j (l - — ) (4.17) 

Ua,bJpa,b,TT{T'''T'''T''T'') = 0. (4.18) 

When (f) and A sit adjacent to each other, there are J — 1 ways of insertion of the 4Z- 
interaction, otherwise J — 2 ways. Therefore, with the phase factor appropriately taken 
into account, the one- loop order contribution from 4Z-interaction is 

Caz = ( (goro + qjrj){J - 1) + J^g^r^^ " 2) J x ^5i,e,,S. (4.19) 

In the case of 2AZ-interaction, the weight of the log divergence is different according 
to the relative position of A and Z, since the correlator of 2AZ-interaction is given by 

X(r^<9-((r^)N-.)^A=. (4.20) 

In this case, there are 4 types of configuration of A and Z for each possible replacement 

as depicted in Figure Q The log divergence from the crossing configurations of A and Z, 

which are depicted in Figure ^ with the relative phase dependence q or f , is obtained by 

contracting ()4.2()j) with Tr(T"^T"2T''^T''2), giving l/26ijers'^, while the others obtained by 

contracting (p3n|l with Tr (T^^T^^T^'^T^i), giving 1/A5ijers^. Here, we have taken into 

account the free contractions of remaining operators. Then, the total contribution from 

2AZ-interaction is 

j-i -. -. 

C2XZ = ^qin X (-(1 + qf) + -(f + g))5,,e„S, (4.21) 

1=0 

where q = exp(2TTim/{J + 2)) and r = exp(27rm/( J + 2)), respectively. 
The correlator of the 20Z-interaction is 

{r'{x)Z'^^ix)<l>^''^iy)Z''^iy))=(^] 5,, ^UvaJ^^^^^^ . (4-22) 



From this form of the 4-point correlator and the formula ()4.18p . we can easily see that only 
the crossing configuration of (j) and Z gives non-zero contribution. So, we obtain, including 
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Figure 1: 2AZ-interaction 



the free contractions of the other operators, the log divergence from the 20Z'-interaction, 

j-i 

Oiri X (r 4- n] , 



J-i ^ 

C2<j>z = ^qiri X (r + q)-Sijers^. 



(4.23) 



1=0 



The last contribution we should consider in the (++) sector is the 2(;/)A-interaction, 
which occurs only when and A impurities sit adjacent to each other. Since the four 
point correlation function is given by 



^ 9 I 4 2" / I ^ ''" ^ )rsJpaib2Jpa2bi + T^V ^ Jrs Jpaia2 Jp6ib2 "•" ^ij^rsJpaibiJpa2b2 



(4.24) 



1 



:0-^AAf^ 



1 



we can easily see that the contribution from 20A-interaction is 



2a2 



ln(x — y) A 



C2<t>\ = {qoro + qjrj) ijSijers + -(rirj)rJS 

+ (goO + qjro) y-Sijers + ^ (i^^-jOrs j S. (4.25) 



Combining all the results so far, the net contribution from one-loop interactions in the 
(++) sector of the two point function of the operators O:^'^ and O^'^ is 



(4.26) 



CsE + C4Z + C2\Z + C2<f)Z + C'20A 

^ U [^fd^.ers-^ + |(r*r^)..S + (9(1/ J^), (m = n) 
\ +i(r^f^),,S + 0(l/j2), ^m^n) 

which shows that the two point function does not take the canonical form, therefore 
the operator ()4.3|) cannot be the correspondent of the a\[3ra-n\v) ■ Since the 0{1) factor 
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(rV-')rs in ()4.2(ij) breaks the canonical form, the basic requirement for the BMN conjecture 
is not satisfied that the anomalous dimension to the first order of A' = g\y^N j .P should 
match the first order perturbation expansion of the free string energy spectrum in terms 
of l//i^, under the identification of A' = 1 / {^p^ a'Y . 

The extra term in ()4.26|) is eliminated by choosing h properly. In the ( — h) sector, 
there appears the contribution from the 4-point correlator 



{XZ{x)r'{x)e%{y)Z'\y)) = _ ( ^ ) (r^)„-,(/,,,,J,,,,, + ^/,„,.J,,,,J 



3 



/o I 4-7r2 / ^^ )rr[jpaib2Jpa2bi + „. 



With the formula ()4.17|) and ()4.18|) . we can easily see that each of 4 possible configurations 
of A(x), 0(x), 6{y) and Z{y) gives the same contribution, -\/2/8 (r*)rrS, except for a phase 
factor. The same is true for the ( — h) sector. Then, the log divergences from the (H — ) 
and ( — h) sectors with appropriate phase dependences, are given by 

HQo + gj)^(rV^),,S + 6(fo + f,)^(rV^),,E. (4.28) 

As for the ( ) sector, in addition to the self-energy contribution, 

-1^1' (-^ X (J + 1) - 1 X l\ (r^f^),,,S, (4.29) 

where —1/2 comes from the self-energy of a boson propagator and —1 from fermion, and 
the 4Z-interaction contribution, 

-|6|2ij(rV^),,S, (4.30) 

we have to consider the 26'Z-interaction which gives the log divergence. 



^ ,{cr^)aad.. ( , ^ ,, ) ln(x - yfK\ (4.31) 



[x-yY \[x-yy 

We have non-vanishing contribution only when 9 and Z sit in the crossing position, and 
therefore the 6'Z-interaction gives the log divergence such as 

-|6|22 X i(rV),,S. (4.32) 



From (jOni), ffOnil and (jO^ . the total contribution in the ( ) sector is 

|&r(r'r^)..S. (4.33) 

Combining all the contributions form the (++), ( — h), (H — ) and ( ) sectors, the 

total log divergence is given by 

(J (2™)2^^^^^^^ ^ 1^^ ^ V2{b + b) + 2|6n(rV^),,S + (9(1/ J2) (,„ = n) , . 
\ +i(l + y2(6 + 6) + 2|6p)(rM),,S + 0(l/j2) {m ^ n) ^^ ^ 

from which we conclude that we should choose 

.= --L, (4.35) 

in order that the two point function of the operator Of'^ takes the canonical form. 

Here we should comment on the choice of the phase factor of the operator O^:^^ in 
()4.7p . In fact, we can obtain the operators of definite conformal dimension which are 
"diagonalized" up to (9(1/ J^), even if we adopt the other phase dependence, for example, 
exp{2TTiml / {J + 1)) or exp{27Timl / J) . However, according to [321 IMI; we have chosen 
the phase factor so that the level matching condition for the world sheet momentum of 
the closed string is naturally realized when we regard the BMN operator O;^^ is obtained 
by acting the rotation in the R-symmetry space and the SUSY transformation on the 
vacuum state Tr(Z'^"'"^) accompanied by the phase factor q such as 

6 (Oi(x)02(x) • ■ ■0„(x)) = {60i{x))02{x) ■ ■ ■0„(x) + qO,{x){602{x)) ■ • ■0„(x) 

+ ■ ■ ■ + g"-iOi(a;)02(x) ■ ■ • (<50„(a;)). (4.36) 



With this prescription, we have 

J+i 



s25^tt{z') = Y^iiii^y 



1=0 



Y, ql+'TT{{SiZ)Z'{S2Z)Z'-') + Tt{{S25iZ)Z'' 



(4.37) 



^2 -^'-KK"!^)^ \U2^}^ ; -r ^.Ly\^)2u\^ }^ 
.1=0 

Then, the level matching condition is realized when we choose qi such as g, = exp(— 27rimj/( J- 
2)) [i = 1,2). As explained at the end of the next subsection, this choice of the phase 
factor is necessary for our duality condition to hold. 

4.2 Three point function 

Having properly identified the operator which corresponds to the string state with one 
scalar and one fermion excitation, anPra-n\v) , we proceed to calculate the three point 
functions which correspond to ()4.1|) and ()4.2j) . 
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Figure 2: (++) sector of three point function 



4.2.1 vac 



(2)J;3('2) I (3)i^(3) 



h-nz 



We first calculate the correspondent on the gauge theory side to the string three point 
function ()4.1|) . such as 

{Oil,{x,)Oil::^{x,)0%%{x,)). (4.38) 

The normalization factor of each operator is chosen as 

1 ~ ,„,.^i. ,. A^^YM 



O 



Ji 

vac 



( Ji + l)iVo'^+i 



-.Tt{Z 



./l+l^ 



A^n 



2 47r2 



(4.39) 



O 



a,m 



2{Jr + 1)N^ 



Jr+2 



j=o 



27rim(i + l) 
1 Jr + 2 



Tr( 



I i ryl 



Z Xsa^ 



Jr-l\ 



+ b{TXTi{e,z 



Jr + l^ 



(4.40) 

so that the two point function is normalized to l/|a;p for O'^^^ and takes the canonical 
form ()4.6|) for Ofr^^. The coefficient b has been determined in the previous subsection as 
b = — l/v2- Similarly to the two point function, there are four sectors of the three point 
function to be calculated: three of them are depicted in the Figure El and IH which we 

also call (++), (H — ) and ( ) sector, respectively, and the remaining one is the ( — h) 

sector, for which we have omitted the figure. 

Apart from the normalization factors in (|4.39|) and (j4.4Up . the (++) sector of the three 
point function ()4.38|) at the leading order in terms of the genus and the gauge interaction 
expansions is given by 

1 ^NV^-Wg^y^Y'^' {Ji + m, 



4 



47r2 



\X23\^\X12\'^-^^\X31\'^'^3 



{qorj.^(Tl{\sf3KaZ)) + qj^ro(TT{\ra\s/3Z))) , 

(4.41) 
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where the three point correlator in this expression is given by 



{TT{Z^^{x,)\t{x2)\%{x,))) 



(4.42) 



l/2\'^ /*! 1 1 



u 



i2- 



Integrating by part and using the formula (jA.lj) . the symmetric part in terms of the 
spacetime indexes /i and v in the integral can be evaluated as 

1 „ 1 „ 1 



d u 



^(yut' 



■du. 



1 1 



1 / W4 1 

-a u- -- 

2 J (xi - uf 



-27r^ 



D 



-D- 



(X2 - uY (X3 -uY 
1 1 



(4.43) 



-D- 



{X2 — uY {x-i — uY {X2 — uY {Xs — uY 

1 1 



|a;i2P|a;3i|2 |xi2nx23p |a;23na;3iP ' ' 



Therefore, with the relations, {a^a^)aj3 = —Tj^u^ap + {o''^'^)af3, where {a^'^)aii = (cr^cr'^ — 
a''a^')ap/2, and fa,b,c^Tr{T''^T''^T^^) = iN^A + OiN^), the (++) sector of the three point 
function is given by 



I- I m n 

V2Tri 



X 



N9ym 
y l-y ) \2 A-n'^ 

1 1 



5i,e 



l-t^TS I 19 7 I 19 7 1 19 

Xi2r 2X31^-^3X23^ 



ea/3 



a;i2P|a;3ip |a;i2na;23p |a;23pk3iP 



(4.44) 



'mA*" 



■ du''- 



1 



(Xi — uY (X2 — uY {x^ — uY 

The world sheet momentum dependence comes from 



gi'^Ja+l - fe+l'^l 



exp 



2-iTim 



exp 



2'Kin{J-i + 1) 



AixiJi 



J2 + 2) "V -^3 + 2 



— exp 



2Tiim{J2 + 1' 
J2 + 2 



exp 



27rm 
^3 + 2 



(4.45) 



where y = — a(2)/a{i) = J2/J1 and 1 — y = — a;(3)/a;(i) = J3/J1 and we take the leading 
term in the large J limit. We should note that this momentum dependence cannot be 
obtained if we choose the phase factor such as ^;^gexp(27rm/J)Tr(0*Z'AZ"^^') often 
adopted in the literature. 
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Figure 3: (H — ) sector of three point function 





Figure 4: 



sector of three point function 



As in the case of two point function, the (H — ) and ( — h) sectors are indispensable for 

our duahty relation, while the ( ) sector depicted in Figure |3] gives a vanishing results 

since it does not contain a phase factor. The (H — ) sector of the three point function 
depicted in Figure El is 



i/iVA^-V^^M^'^'-' 



(^1 



|a;i2P'^H2;3iP'^^"^^ 



r- 



J\s 



4 V 2 y V 47r2 

X {{TTifix2)Xraix2)e,f,{xs))) + qjmXraix2)fix2)es/3iXs)))) . (4.46) 



The perturbation calculation to the one-loop order gives 
{Trir'{x2)\ti^2)9%i^s))) 



(4.47) 



1 I 9ym 



9ym 



(§) '/".-(-•)"(-''^")-/''*«(;^^-(^ -^-i;^ 



u 



l2- 



This time, since the antisymmetric pert in terms of the indexes n and u can be eliminated. 
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the integral is transformed as 



^2, 



(X2 - U)'^ (X3 - U) 



2 



-2--«^Z^— ;^. (4-48) 



and then the (H — ) sector of the three point function becomes 

/ T\T 2 \ -^1+2 -t 



Similarly, the amplitude of the ( — h) sector is given by 

- ^^^T^ i^^-h) ''^' i^'^')rse..p , I,,.,/ |,.| . • (4.50) 

l-y\2ATT^J F12I 2+2|a;3i|^'^3|a;23|4 

In the situation we are now considering, where e = |x2 — xsl <^ |xi — X2I, the integral 
in (|4.44|) can be neglected because 

(0«./^^-(^7^5-(^^-5-(^^ (-3-X2). (4.51) 

Therefore, combining all the contributions, ()4.44|) . ()4.49|) and ()4.50|) . and taking into 
account the normalization factors in ()4.39|) and ()4.40|) . the three point functions where 
^s/3,n(^3) sits in the neighbourhood of Ol^.^{x2) is given by 

(4.52) 

where (r*-')rs is defined as (r*-')rs = estl/2(r*f-' — r^f^)^*. The final result ()4.52|) shows 
that the OPE coefficient which can be obtained in the limit X3 -^ X2 exactly agrees with 
the expected result from the string theory calculation, ()H.2Hp . just when b = — 1/v^. This 
non-trivial matching confirms that the "diagonalization" up to (9(1/ J) is crucial for our 
duality relation. 

4 2 2 o^^^'o^^'^^ -^ o^^^'B^'^'^ + «^^)^'/?(^) 

4.Z.Z a„i a_„^ —>■ ana Paia2-n2 + ""3 P/Jj/Ja -na 

Next, we consider the gauge theory correlation function corresponding to the process 

(a;:-^^(xi)0/-;„^(x2)05f„3(x3)), (4.53) 
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Figure 5: (++) sector of three point function 

at the leading order in terms of the genus and the gauge interaction expansion. Here the 
operator 0;(^'*-'(xi) is the two-scalar impurity state defined as 



Ji 



Q-h,ij 



27rmi{;]^+l) 



n\ 



( Ji + 2)iVo^i+3 h=o 



^ e Ji+2 Tr(0*Z'V^'^"^'"^'; 



(4.54) 



We consider the case where i ^ j for simplicity as in the corresponding calculation on the 

string theory side. Since in this case too the ( ) sector does not contribute to the lowest 

order calculation with respect to the gauge theory interaction, it is enough to consider 
the (++), (H — ), and ( — h) sectors. 

The (++) sector of this correlator at the planer level is depicted in FigureEland given 

by 



^ 9ym\ / ^ 



4 V47r2 



J2M 



|Xi2P(^2+l)|a;^3|2{J3+l) 



g J2+2 1,"2 j^+2"-ljg J3+2 1,"3 j^+2"ly 



hM=0 



X (e-^^r+^(Tr(A,,(x2)Z(xi)A,^(x3))) + e ^T+^(Tr(Z(xi)A,,(x2)A,^(x3))) j . 

(4.55) 

The vacuum expectation value of lT{\ra{x2)Z{xi)\si3{x^))) in (j4.55p can be evaluated in 
the same way as ()4.42|) . The sum of the phase factor at the leading order of the large J 
limit is estimated as 
J2M 



^^m+R U..--h+l„,A ^"l"3+i)r„,_^±g 



,"2- -77X5"! 



y^ e ■'2+2 V'^ -^1+2 "Ve -^3+2 

^2,^3=0 



"3-j^«l 



Ji _27ri442ni sin {iiyni 



TT^ 



-1-f -^ + 1^ 



(4.56) 
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Figure 6: (H — ) sector of three point function 



Then, the (++) sector of the three point function in the situation |x23| = e <^ |a;i2| is 
given by 

•^1+3 1 T „ ^;.,2/ 



n^-f [n, + -; 



■ /7^9ym f9YM^\ '^^ 1 Ji nism\nyni] 



On the other hand, the (H — ) sector in Figure IHl is 

J2 



(4.57) 



ifg'YuV'^'rN^'' 



4 V47r2 



1 



2 J |Xi2|2(-^2+l)|a;^3|2(J3+l) 



, 2TTi(l2 + l) ( J2 + 2 \ 

^e-4f2^h-7fT2"0(rJ-)^ 

«2=0 



(4.58) 



X ((Tr(0^(xi)A,„(x2)^,^(x3))) + e ■^1+^ (Tr(^,^(x3)A,„(x2)0^(xi))) j . 

The vacuum expectation value (^{(f)^ {xi)\ra{,X2)6 sjs^x^)) can be calculated in the same 
way as ()4.47p , and the sum of the phase factor in the large J limit is 
J2 



E2m(l2 + i) ( J2+2 \ ^^ ^ 



^2=0 



Therefore, the result for the (H — ) sector is 



27ri ni - ^ 



(4.59) 



^6^ 



S'yM / fi'YM ^ 



Ji+3 



■J;^J^ 



47r2 I 47r2 2 |xi2|2(-^i+3)e2 



rj-Jj. 



J\ sin^(7ryni) 
TT ni — — 



(4.60) 



where we do not take the sum over the superscript j. A parallel computation for the 
( — h) sector gives 

Ji+3 



47r2 V47r2 2) |xi2|2(^i+3)e2 



,_ Ji sin2(7r|/ni) 



r r L,« 



TT ni + ^ 



(4.61) 



i-y 
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With the relation {T'^T^)rs = —^rs (with no sum over i), and taking into account the 
normahzation factors of BMN operators, we obtain 



47rVy(l-y) ki2P(-^^+=^)e2 



trs^cf/J 



sin {ixyni) 



(m - f ) {n, + f_ 



2^P + zo ) rii — zo 



(4.62) 



This shows that the contribution from all sectors nicely combine to match exactly the 
result ()3.32|) when h = — l/v2- As in the previous example, the non-trivial matching is 
realized for the operators of definite conformal dimension. 

It is not difficult to consider a more general case where 0;[^'*-^ is replaced by 0:^^'^K In 
this case, the interaction Hamiltonian \H^)sv contributes to the calculation on the string 
theory side and gives the term proportional to 6'^^t^I or S^W^'^ (or {i ^^ j) counterparts). 
We can easily see that these terms also appear in the corresponding gauge theory calcula- 
tion and will give the complete agreement. This gives another verification of the necessity 
for the both contributions from the vertexes \H-^)d and \H3)sv- We should note that 
when k = I, the operator mixing between a operator with scalar two impurities and the 
operator Tt{ZZ'^^^) will also play an important role for the duality relation. 

Finally, we should comment on the normalization and the phase factor of the BMN 
operator O:^'^^. The normalization has been chosen so that two point function takes 
the form ()4.6|) . With this choice of the normalization, our duality relation holds for 
the case (j4.53p regardless of the choice of the phase factor, that is, whether we chose 
exp{2nim/J), exp{2TTim/{J + 1)), or exp(27ri?7i/(J + 2)). On the other hand, with the 
normalization thus fixed, in order for our duality relation to be valid, we must chose the 
phase factor exp(27rzr7i/(J + 2)); otherwise we cannot obtain the result with the appro- 
priate world-sheet momentum dependence and the normalization factor, as is easily seen 
from the calculation ()4.45|) . Two simple examples we studied here is enough to fix both 
the normalization and the phase factor of the BMN operator Of'^^. 
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5. Conclusion and Discussion 

In this paper we confirm that the duahty relation we proposed in ,7] holds for the impurity 
non-conserving process which contains fermionic BMN operators. In the process of the 
proof, it is crucial that (a) the operator correspondent to the free string basis has the 
definite conformal dimensions, (b) the string interaction Hamiltonian takes the form of 
the equal weight sum of the two interaction vertex \H3)sv and l-ffs)^ and (c) the structure 
of G factor in ()3.22j) . in particular, the factor / balances the n dependence between C123 
and -^123 especially in the impurity non-preserving processes. 

However, though our duality relation holds in a very non-trivial way with the choice 
of the equal weight sum of \H3)sv and IH^)^, we cannot conclude that this form of the 
string interaction vertex has proved to be completely correct. Since we cannot uniquely 
fix the form of the interaction vertex only from the requirement to respect the SUSY 
in the PP-wave background, it is not enough to check only a particular sector. In the 
previous paper f? we have fixed the form of the interaction vertex so that it is consistent 
with the effective action for the chiral primary fields constructed in [3 . However, it has 
been claimed that the holographic string interaction vertex should be further modified 
in order to respect the U(l)y symmetry existing in the supergravity sector [21] ■ They 
claimed that the li^s)!) should be replaced as 

mn = i2^2^\E) -^ E^2^^ (1 - Y2^") (1 - 1^^') 1^)- (5.1) 

The new terms do not affect all the processes we have studied in previous works. The 
simplest example to test this modification is a impurity non-preserving process where 
the vacuum state splits into two BMN operators with two fermionic impurities. For 
this process, in contrast to the impurity preserving process where the energy difference 
gives (9(l//i) contributions, the new term ^Ylir^'i '^'^\^) "^an play a significant role. In 
fact, it seems that for the process {v^\\rrfi\2-m^2\n^22-r\^)h the new term cancels the 
contribution from the prefactor in \li'^sY and only li/s)/) contribution survives, which is of 
sub-leading order in the large /i limit compared with \H'i)sv. For our duality relation to be 
valid, this cancellation seems to be necessary in order to obtain the correct [i dependence 
expected from the gauge theory calculation. In this case too, the proper identification 
of the BMN operator which corresponds to the free string states is crucial to check our 
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duality relation. The details will be reported in the future work jSOI- 

Anyway, with the results obtained in the previous works [71IH] that our duality relation 
holds for the impurity preserving process which consists of the BMN operators with scalar, 
vector and fermionic impurities, as well as, for the impurity non-preserving processes 
which consist of those with scalar and vector impurities, our duality relation itself is 
strongly expected to hold for the general processes regardless of the kind of impurities 
and of whether impurities conserve or not, as long as we choose the appropriate form of the 
interaction Hamiltonian in the PP-wave background and properly identify the dictionary 
between string and gauge theory basis. 
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A Feynman Graph 

In this Appendix, we give the details of the calculation required to derive the log divergence 
of the two point function ()4.8|) . As the regularization scheme, we adopt the differential 
regularization method developed in the reference jSHl- With this method the anomalous 
dimension of the operator with two vector impurities is calculated in [HHI- The formulae 
necessary for our calculation are 

With these formulae and partial integration, the two integrals needed in the calculations 
below to derive log divergences can be evaluated as 



d'uj-^j-^-j = 2n^ ''''r'{\ (A.2) 



{x — uy {y — uY (x — yY 

This regularization method is used in the calculations of the three point correlators in 
(jO^ and (jOTjl . 



28 



A.l J\f = 4 Super Yang-Mills Action 

Here we present the A/" = 4 Super Yang-Mills action in the 4 dimensional space-time and 
summarize the notation. The field content is 4 gauge fields A^{fi = 1, 2, 3, 4), 6 real scalar 
fields (f)\l = 1, 2, 3, 4, 5, 6) and 4 Weyl spinor fields A^(A = 1, 2, 3, 4). All these are in the 
adjoint representation such as 

A^ = A^f'T'', 0^ = 0'^■fT^ X'fT", (A.4) 

where T" satisfies 

[T^ T'] = ifabcT', Tr [T«, T^] = ]^5''\ (A.5) 

with the structure constant fabc for SU(N) symmetry, which satisfies 

fapjhp'l = N5ab, fpgrfpgr = N{N^ - 1). (A.6) 

We pick up the U(l) subgroup of the R-symmetry such as SO(6)=U(l)xSO(4) for 
scalar field and SU(4)=U(l)xSU(2)xSU(2) for spinor fields and decompose the field such 
as 

<!)' ^{<f)\Z,Z), Af-.(A™,^™), (A.7) 

where Z = (0^ + 20^)/-\/2 which has the U(l) R-charge 1 under the rotation in the 56- 
plane. The indexes J, i and A are vector indexes of SO (6), SO (4) and SU(4) symmetry, 
respectively. The decomposed fermionic fields Xra and 9ra denote the (2, l)+i/2 and 
(l,2)_i/2 sectors in the decomposition above, where ±1/2 is the charge under the U(l) 
R-symmetry we have picked up. With the decomposed field in ()A.7|) the d = 4, M' = 4 
super Yang-Mills action is given by 

- ^/pajpcd0- 0>-0,' - UabUcd^Z'ct^-Z' + \UabUcdZ'' Z' Z^ Z" (A.8) 

-^{9^.9^^ - A"'^A^)Z^ + -^{9^.9^^ - X''^Xl)Z' 
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where F^i, = dx^'-A^ — d^A^ — i[A^, A^], D^Z = d^Z — i[A^, Z\. The matrix cr^ and Tj are 
defined as 

(a'^)aa = {io\ -1), (a^)'^°= {-ia\ -1), (A.9) 

{t%., = {ta\ -1), (f,)"' = (-2a\ -1). (A.IO) 

These satisfy the relation 

icr,cj,)f + icT,cj,)£ = 2^^X, {a^a^f^ + {a,a,f^ = 2^^ji (A.ll) 

{r^f,); + (r,r,)/ = 25^,5% {nr.Y, + {f,n)r = 26^,6;. (A.12) 

Note that for the lowered indexes we have {Tifj)rs + {Tjfi)rs = —25ijtrs- The spinor indexes, 
as for both Lorentz and R-symnietry, are raised and lowered by the invariant tensor e*^** 
and ers respectively such as 

C ^ e^'is, ir = ersC, e'-^ = (^^^ j) , e.. = (j "^^^ (A.13) 

and we use the usual convention as 

^T] ^ CVr = V^, ^n = irri' = m- (A.14) 



We have omitted the Lorentz spinor indexes in ()A.8|) using this abbreviation. 

From the SYM action ()A.8|) . the propagators are given, in the Euclidean space, by 



{r{x)<P'^{y)) = ^'^^^^^il (^> {Z%x)Z\y)) = S^'^lj^,, (A.15) 

A. 2 Feynman diagram 

We give the details of the perturbation calculations required to derive the log divergence 
appearing in the two point function of the operator O* 



r . 

ra,m 
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A.2.1 {Z'^{x)Z\y)) 

The diagram of fermion loop self-energy is 
Z" 

Z' fql,,V /-,.,. 1 1 „ 1 „ 1 



(i Ud V- r--, TTT^o.M^ TIT ■ (9„>' 



47?^/ J (x — t;)^ (y — 'u)2 " (m — f )2 " (m — 11)2' 

(A.18) 

where the factor 1/2 x 4 comes from the perturbation expansion and the symmetric 

factor. With the basic formula, {(y^)°'n{(^'^)a — —'^V^^-, the integrand can be transformed 

by partial integral such that 

d ud V- — ZT;Ou^^- TTT ■ Ou, 



[x — vY {y — uY {u — vy ^ [u — v) 



2 



d'ud\ \ ^ (\n ^ - D ^ . ^ S ] ■ (A.19) 

[x — vY [y — uY \Z [u — vY [u — vY [u — vY J 

Since we focus only on the log divergence in this paper, we neglect the second term, 
which also should be canceled by the contribution of the same degree of divergence from 
other diagrams. The log divergence of the first term in ()A.19|1 can be estimated using the 
formula ()A.1|) and ()A.3|) . Then, the log divergence from the diagram ()A.18|) is given by 



2 V47rV {x~yY 

The diagram whose intermediate states consist of ^'s also gives the same contribution. 

The contribution of the gluon emission-absorption process is 



Z" 



1x2x4^4^^%^ / d^udS , ^ ... ^ .„ g„M . ^ .. d, 



^"~" 9YM9YM\^^y J {u-vYix-uY ""(n-t;)2 ""^ (y - vY' 

Z^ 

(A.21) 

Integrating by part and using the formula ()A.1|) and ()A.3|) . the log divergence from gluon 
exchange is reduced to 

U9U\\,JH^i^Jjn^_ (A.22) 



2 V 47rV {x - y) 
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The log divergence which appears in the self-energy of Z is 
Z" 



A^ VA+^^ ^0 + 



Z^ 



U9\..\\^2^^^^^. (A.23) 



2 V 47r2 



(x - y)^ 



A.2.2 (A,„(x)A,^(y)) 

The gluon emission-absorption diagram gives 



- X 2 X e^s^ 2"'^'^^ "^ O-A'7'^Jaa 

^ 5'ym 5'ym 



A^ 



With the identity 



2 \ 4 

47r2 



d^ud^v 



sO-rJ^ 



^fJu" 



a 



(m — f )2 (x — m)2 {u — f )2 (y — f )2 



(A.24) 



(a'^aV'^aAan^^ 



-2(a^aV0aa, 



(A.25) 
(A.26) 



and by partial integral, this integral reduces to 

1 



2 \ 4 £ 

9yM \ Japq 



47r2 y ^''^^M^YM 



fo"^)n.A9TM / (i^M 



1 1 

-D- 



{x — n)2 (u — v)^ {y — vy 



f I 1 

J (x — uy [u — 



(A.27) 



v)^ {y — vy 

The second term vanish because of the antisymmetric property of e^'^'^'^ , and with the 
formula ()A.1|) and ()A.3|) . we obtain the log divergence 



1/2 \ 2 



NersSab{cr'')aadx 



1 



ln(x - y) A. 



(A.28) 



4 \47r^ / \[^ ~ y) , 

There are two kinds of contribution from the Yukawa interaction, where the interme- 
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diate states are A, Z and ^, 0, respectively. The former diagram is 



Y 






,, o ,, "^Japq '^Jb-j 



> ^ (l^l d^ud,%- -d^^- -d^.- -d^p- 

where the integral has been performed in the same way as the gluon emission-absorption 
process. The latter contribution is 



,ra 



i X 2 X %%(r^)..(fT*et.(a'^aV 
^ 9ym 9ym 



■</ / 2 \ ^ r 1 1 1 1 

\b >< ( -TT ) d^ud'^v- r?<9^M7 ^d^-7 T^^^p-, r^- (A. 30) 

^sa \4:Ti'^ J J [u — vy [x — uY [u — vy [y — vy 

Since (T*),.tt(f')"* = +45*, this gives the result two times of ()A.29|) . 

The net contribution of logarithmic divergence from the fermion self-energy is 



A^. 



ra , , 

xi- Y Y 



zf \\ ^ct>C \e =-(^W Ner.X,{a^).^d^. 



V_,_,' v^--' \47r^/ \[x — yy 

\ \ \ \ X ln(x - yfk^. (A.32) 

A.2.3 {Z''^{x)Z''^{x)Z^^{y)Z^'{y)) 

The amplitude for the gluon exchange diagram is given by 
Z"i Z"^ Z"i Z""^ 



+ 



\/ \/ 




— V 9 V I •'P^l^i Jpa2b2 I /paife Jpa-ihi \ I 9yM \ ( A '^'\\ 

2 V A'ym 5'ym 5'ym fi'YM / V 4vr / 

1 1 t: 1 1 r 1 



^6i ^62 ^61 ^fc2 ^ / ^4^^4^^ ^^ 7:7<9„M7 r^T rrrS^ 



(m — f )2 {x — uy {y — uy {x — vy ^ {y ~ vy 
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Performing partial integral and using the formula (jA.lll , the integrand can be transformed 



as 



1 2/^2 "\ 

7T\ X ~r '—^yjJ^xyxy ' ^'' I ~/ ^\^ xxy ' ^ xyy ) -^xxyy I > \^i\.0^) 



where we have defined Xabcd and Yabc as 

1 1 



Habcd 
Xabcd 



Y. 



abc 






1 



(a — uY {h — uY {u — vY (c — vY {d — vY ' 
1111 



a — uY ip — uY (c — uY (d — uY ' 
111 



(A.35) 
(A.36) 

'{a-uY{h-uY{c-uY' ^^''^^'' 

As long as we are concerned with the logarithmic divergence, the first term in ()A.34|) can 

be neglected and the other terms can be evaluated with the use of the formulae ()A.2|) and 

31). The result is 



n \ A 2 I \Jpa1b1Jpa2b2 ' Jpaib2Jpa2bi) ( _ \4: ' 

On the other hand, the scalar 4-point interaction is easily calculated as 

\Jpa1b1Jpa2b2 ~r J pa\b2 J pa2b\ I I ~: ~ I I O, U 



(A.38) 




5'ym 



1 



/ \ 

^61 ^62 


1 
" 2 


/ 9 \ 3 


Then, we obtain 







\Jpa1b1Jpa2b2 + Jpaib2Jpa2bi 



47r2 J J (x - uY (y - uY 
ln(x - yY^'^ 



{x - vY 



(A.39) 



^bl 2b2 




2A2 



9YM\%r f ,f f ,ln(x-?/)'A 

A 2 I yJpO'ibiJ pa2b2 'T~ J paib2 J pa2bi 



{x - vY 



(A.40) 



A.2.4 (A;!i(x)Z«^(x)A^^(i/)Z^^(y)) 

The log divergence which comes through the Yukawa coupling interaction is 

2a2 






A 

-<- 



^ ~ ^Jpaifea ^/paabi / 5'ym 



2 "^ ' "^ '7^,^M^''" V 4vr2 



A Iv Z'- 



YM 



X (a'^(T''cr'')ao / d ud vdxt^ 



1 



:9,,>-- --r9, 



1 



vP' 



(A.41) 

1 



(x — uY {y — uY {u — vY {y — vY (x — vY 
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The integral in the second hne can be evaluated as 



<^aa [ 2°^'^A' + '^Tr'^d^i-X^^yy j , 



where H' is defined as 



d ud V- 



1 



-A 



1 



1 



1 



'uf 



(x — uY {y — uY {u — f )2 (x — vY {y — vY 
The first term in ()A.42|) does not give the log divergence, and the result is 

1 . „. „ / 1 



2 \ 3 

5'ym 



^rsjpa\b2 Jpa2bi ' 



(cr JniyOxt^ 



4^2 / -rsjpai02Jpa20i / _ p ' 

The gluon exchange gives the contribution 



{x-yY 



2a2 



ln(a; — y) A 



(A.42) 



(A.43) 



(A.44) 






1 

2 



Jpaibi Jpa2b2 



Z X 2 X ^T"''T"' e.Ja^aVn 



2 2 '-»"s\ 

fi'VM 5'ym 



(A.45) 






2 \ 5 

9ym 
47r2 



(i Mc? vd. 



XM 



:a 



MP 



9- 



(x — u)2 (y — uY (u — vY (x — vY (x — v) 



2 \ 5 /■ 
fl'YM \ Jpaibi 



A 2 I 2 2 ^s ao 1 A 

^"^ J 9ym 9ym ^ ^ 



er^crtA. I -O^dTt^H. 



x'-^xf^^^xxyy 



8n' 



(x-y) 



2 C'xM 1 xxy 



2 V47r2 
Then the net result is 



1 I 9ym\ r r 1 /-■M^ ;:) 

'^rsJpaibiJpa2b2/ \2^ Jaa'-^x'^ 



(x - y)^ 



ln(x — y)^A. 




A':, z"^ 



A 2 j ^^^ I JP<^ib2Jpa2bi + „ /pai6i /paaba 



(x-y) 



c'^A.dxi^ 



2 Qa 



(x - y)^ 



ln(x - i/)'A^ (A.46) 



A.2.5 (0^'^! (x)Z"2 (x)0J'^i (y)Z^^ (y)) 



The gluon exchange gives 



^ , Jpaibi 

- X 4 X 
2 



9ym ^9ym 



2 \ 5 

47r2 



1 / 2 \ 3 



d'^ud'^v 



:d. 



"C'„n ■ 



2 U^V ^P'''''^'"''''^'' (x-y) 



{u — f )2 (x — uY '' {y — uY {x — vY {y — vY 

ln(a; - yY^'^ 



(A.47) 
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while the scalar 4-point function is 




2 V47r2 
Then, using the Jacobi identity, we obtain 



\Jpaxh2Jpa2hx Jpaia2Jpbib2)^ij / w 





gyuV f f . ln(a: - y^A'^ 

4^2 1 Jpaib2Jpa2bi0^j / _ N4 ■ 






(A.48) 



(A.49) 



There are two possible contraction through Yukawa interactions: 



9 



^Jpaib2 ^Jpbic 



x^ O x^ -JiJU,lu2 -jpuia2 ( --i\t ( 'j\ f ^Uz^u „P\ 



A'yM fi'YM 



s\ Jrt\ 



Kl </>■ 



,jb2 



d'^ud'^v 



2 \ 5 



9yM \ Jpaib2 Jpa2bi 



1 f, 1 ^ 



d. 



vP' 



(A.50) 



(a; — vY {y — uY {x — uY (u — v)"^ {y — v) 



. r, I 9 o y^ '^ )rs\0' )aa I StT Uxt^-^xxyy + o'-'a;-n„ 



1 / 5'ym 



2 V 47r2 



[T T )rsJpaib2Jpa2bi 



{x-yy 



{(J^)^^d: 



aa^xP- 



{x - yf 



2a2 



ln(x — y) K 



A°i 

ra 



Wa2 



'^Jpaia2 '^Jpbib2 /-j 



\t\ 4>^^^ 



2 2 

fi'YM fiYM 
2 \ 5 
fiYM 

47r2 



r^y,(rO,,(a^aVO 



d ud V- 



:d. 



<9„ 



:C',ip- 



(A.51) 
1 



(a; — uY {y — vy {x — uY {u — vY {y — v) 



/ fiYM \^ /paia2 fpbi 

V 47r2 y " 



62 



2 V^ ^ /rsl,^ Jaa'^ ^xP-^xxyy 



1 /fiYM 



4 V 47r2 



fiYM fiYM 

J paia2 J pbib2V '^ )'' 



'{x-yY 



[cr )aa(^xt^ 



(x - yY 



2a2 



ln(x — y) A 
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The gluon exchange is the same as ()A.45|1 . 
A"j. d)"'^ 



1 / 2 \ 3 -1 

-•- / 5'yM \ r r ^_^^|'n-A'^ P) 

JpaibiJ pa2b2^rs / \2^ Jace'^x 



2 V47r2 



{x - yf 



ln(x -m) A . 



tl i 


^b2 






rhen we obtain 




\ / i 




\^ 




+ 


_ 1 ^^^M 




2 V47r2 


/ V 






1 



(A.52) 



v^ + 



(A.53) 



v ''" )rsJpaib2Jpa2bi ' cyV ^ j r s J pa\a2 1 pb\b2 ' '^ij^rsjpa\b\jpa2b2 

a^9.. (^^^)ln(x-y)2Al 



{x-yY "" ^ V(^-2/) 



A.2.7 (A?i(x)r^(x)e(l/)^'^(Z/)) 



There are two kinds of the Yukawa interaction such as 

A"l (/)*"2 



A 



''^Jpaib2 '^Jpa2bi , i-. 



_ X 4 X ';l"?"^ T"^"^ (r^)rT(ff^^VOaa 



v25'ym ^ym 



^;, z^2 X 



2 \ 5 ^ -. -. 

9yM \ / ^4„ t4„ -L ■•- 



47r2 

1 (9ym^^ 
v/2 V4vr2 



d ud V 



:d. 



1 



r<9„ 



1 



rf/i/p- 



(A.54) 
1 



(x — f )2 (y — ■u)2 ^ (x — ■u)2 '^ (m — vy ^ (y — vy 

{r')rrfpaib2fpa2biTZ ITi(o-^)aa5xM ( — -^ ) ln(x - yfA^ 



{x-yy 



[x-yy 



ra Y 



X 4 X fr* 



4 Z'^ 



X 



2 \ 5 

5'ym 
47r2 






d^ud^v- 



YM 



ra 



C',,1' - 



rft, 



(A.55) 

1 



[x — u)2 (y — vy ^ [x — uy " (m — t>)2 ^ (y — v) 



I /2 V 4vr2 j )rrJpaia2Jpbib2 



{x - yy 



[CT jaaOxt' 



[x - yy 



2a2 



ln(x — y) A 
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Then the sum of the above contribution gives the result ()4.27|1 : 
^ A "--/ 



(A.56) 



e:% z'^ 



[T )rr[jpaib2Jpa2bi + ^ /pai«2/p6i62/ /^ „.\2^'^ jaaOxt^ \ , -.^l \-^-^ > ) 



v^ V47r2 



(x - yf 



{x-yf 
X ln(x - y^)A^ 



A.2.8 {eZ{x)Z-^{x)e%{y)Z'-{y)) 

The contribution from the Yukawa couphng is 



V, 



^e 



so -^ 



Jpaia2 Jpfefci 



9ym 9ym 



X I ^^-^ 1 / d'^ud'^v 



9ym\ I jA„.jA„ 1 

47r2 



rC'uM T r^fJtj" ~ tttC'i/p " 



(A.58) 
1 



2 V 47r2 j JP"-i°-'2JPbib2(^rs / _ ^ (^^ Jaa'^ 

The gluon exchange is the same as ()A.45|) . 



(x — uY (y — vy " (x — uy ^ [u ~ vy ^ (y — vy 

1 



[x-yy 



2a2 



ln(x — y) A 



ez z^^ 



J pa\h\J pa2b2^rs / noIC* in-n-L/rr^ 



2 V47r2 



(x - yy 



(x - y)^ 



(A.59) 



fe Z^2 



Therefore we obtain 




^'1. Z^^ 



1/2 \ 3 

-•- / 5'ym 



\Jpa\b2Jpa2b\ J pa\b\ J pa2b2 ) ^ 
1 



n \ A 2 I \Jpa1b2Jpa2b1 JpaibiJpa2b2j ^r 
1 



raLa 



X-'' 



(x-Z/P "" V(^-2/) 



ln(x - i/)^A^ (A.60) 
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B Prefactor 

The form of the prefactor of the interaction vertex \H3)sv is^ 

\H,)sv = Psv\E), (B.l) 

Psv = I [[k'K^ + f^S'^) Vi, - [k'^K'' + ^id'^') V^, 

where K^ ^ K^ {I = i/fi denotes a scalar/vector direction) and Y^^^^^ ^''^^'^^ qj^^ bosonic 
and fermionic constituents of the prefactor defined as 



^J ^rJ I "V^J 



^J 'vrJ ^rJ 



K' = X^ + X/i, K-" = X^ - Xfi, 

3 oo 3 oo 



r=l 71=0 

3 oo 



r=l n=l 



3 oo 



yaia2 _ \^ \^ Q{r)fj{r)a-i_a2'f ^aia2 _ Y^ Y^ (-^(r)^(r-)aia2t 



r=l n=0 



r=l n=0 



with 



fM = ^/-^(l - 4/.air)V2F«, G« = ^-^(1 - 4^air)V^G«, 






— ^/ia(2)a(3), 



^'" = /|v^ 



(3)0(2), 



F(i) = 0, 



a 



r-ir^i/2 



(f/(;JC(V;C^iVO„ (n>0), 



a' 1 - 4/iai^ a(r) 
-ya^a(3), G^^^ = J — 7a^a(2), G^^^ = 0, 



a 



1 4^(f^rT^M C'V2Ar'^)„ (^ > 0). 



i' 1 - 4/iafs: ^ 



(B.3) 
(B.4) 

(B.5) 



(B.6) 

(B.7) 
(B.8) 

(B.9) 
(B.IO) 



^This definition difl^ers form the one in (3.28) of j^ by a factor —2a/a'. Note also the difference of 
the total factor of K^ between here and there. 
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The other quantities in the prefactor is defined as 



Vij — dij 



12^ ^144 



Yl(l + —Z*)-Zl{l + —Y^ 



12 



12' 



' ^u — ^11 



12 ^ ^144 



Yl^{l-—Z^)-Zl^{l-—Y' 

^lU \ -If) / l^y V -icy 



+ -(Y'Z%,, (B.ll) 



+ -(F^Z^),., (B.12) 



S{Y) = F + -F^, 



(B.13) 



with 



J^OLrPr — J^^u'^rPr 



J^OLrPr — J^^Q-'^rPr 



(r = l,2) 



-'«i/3i — -'aia!2-'/3i ' 012(^2 ~ ^0110^2^ /32' 



F 



Yi^Y 



/3i 



"ift ~ «i/3i fe 



y4 ^ y2 y2ai/3i 
ai/3i ; 



y2ij _ y2ai/3i^ij ^2jj _ ^2aiPi^ij /y'^^'^Yi = y^kii ^2j)k 



ai/3i 



(B.14) 
(B.15) 
(B.16) 
(B.17) 



We refer the reader to the ref.jzoj for details. 

On the other hand, the interaction vertex presented in J2] , which is of the form 



3 00 (r-) / 8 

UJm I V^ {r)If{r)I 



mn = j: E ^ E 

r=l jn=-oo (^') \/=l 



+ E^-'^^^™" 1^) 



a=l 



(B.18) 



can be written as 



\Hs)d = Pd\E), 



(B.19) 
(B.20) 



where 



3 3 

yoi02 _ Y^ ^ Q{r)y^r)axa2] ^aia2 _ Y^ ^ Q{r)^ir)oiia2\ 

/ J ill Tt ' / V '<■ ''■ 



r.=l "(-) 



(B.21) 
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C Large fi behavior 

The large /i behavior of A''^'*^ is given |[37j, for (m, n) ^ (0, 0), by 

~33 ^ 1 ^11 ^ (-1)"^+"+! sin(7rmt/) smJTmy) 

47r/i|a(i)|(l-|/) vr/i|a(i)| 

~2i ^ (-l)"+"+^sin(7rn|/) -g^ ^ (-1)" sin(7rn|/) 

7rVy(n-m/y) ' -" ^^/T^(^ _ ^/(l _ ^)) ^ " 

and, for m = n = 0,hj 



iVoo=0, iVo^o=-v^, iVo^o=-Vl-?/> (C.4 

"" 47r/i|a(i)lv/l/(l-|/)' °° 47r/i|a(i)||/' °° 47r/i|a(i)|(l - y) 

When we compute string amphtudes for fermions, the large /i behavior of Fn , Gn 
Um and 1 — AfiaK are also useful" : 

p(2) _ (-l)"+'v/^ ^ p(3) _ v^ j.(i)_ (-l)"+^v/^nsin(7rn|/) ^^^^ 

y/7r^|a(i)|y' " ^7r/i|a(i)|(l-?/)' " y/7r(/i|a(i)|)3 

Fo(^) = - , ^ =, Fo(=^)= , v^ ^^ p(i) = (C.7 

^2nfi\a(^i)\y ^2nfi\a^i) | (1 - y) 

G(. . MCL, G(') = ^ G<') = (-1)-"V^^"'("'^) (C.8 

^27r/i|a(i) ly y/27r/i|a(i) | (1 - y) V vr/x|a(i) | 

Gtq = , Ctq = — , Ctq = U (^Ly.9 

^47r/i|a(i)||/ ^47r/i|a(i)|(l-|/) 

[/(2) = ^ ^(3) = ^ uW = ^^l^wl (CIO 

4vr/i|a(i)|t/(l-y) 
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